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instance time LB UB time LB UB time LB UB

(20, 10, 40, 1)f < 1 59.10 2 59.10 < 1 59.10

(20, 10, 40, 2)f < 1 57.24 1 57.24 < 1 57.24

(20, 10, 40, 3)f 1 45.99 2 45.99 1 45.99

(20, 10, 40, 4)f < 1 33.96 19 33.96 < 1 33.96

(20, 10, 40, 5)f < 1 66.23 1 66.23 1 66.23

(40, 15, 80, 1)f 8 133.78 23 133.78 1 133.78

(40, 15, 80, 2)f 3 133.04 20 133.04 1 133.04

(40, 15, 80, 3)f 14 91.39 89 91.39 < 1 91.39

(40, 15, 80, 4)f 2 123.01 9 123.01 2 123.01

(40, 15, 80, 5)f 7 95.69 81 95.69 1 95.69

(80, 15, 120, 1)f 1000 258.56 261.18 1000 260.27 261.59 11 261.18

(80, 15, 120, 2)f 1000 211.64 218.73 290 217.90 7 217.90

(80, 15, 120, 3)f 281 254.52 1000 252.98 255.32 6 254.52

(80, 15, 120, 4)f 1000 299.94 301.04 941 301.04 3 301.04

(80, 15, 120, 5)f 1000 232.44 248.56 1000 247.79 248.03 27 248.03

(120, 20, 200, 1)f 1000 377.40 390.08 1000 389.79 391.68 6 390.38

(120, 20, 200, 2)f 707 452.15 1000 450.52 453.72 3 452.15

(120, 20, 200, 3)f 336 388.57 1000 387.66 389.17 99 388.57

(120, 20, 200, 4)f 1000 409.88 420.70 1000 418.84 419.52 256 419.43

(120, 20, 200, 5)f 1000 422.16 445.02 1000 443.94 445.04 11 444.30

(200, 30, 300, 1)f 1000 699.78 715.69 1000 714.36 716.42 8 715.10

(200, 30, 300, 2)f 1000 810.48 811.48 1000 810.71 813.28 672 811.38

(200, 30, 300, 3)f 1000 729.05 737.70 1000 733.28 736.23 25 734.17

(200, 30, 300, 4)f 1000 741.43 752.33 1000 749.47 752.08 11 750.36

(200, 30, 300, 5)f 1000 745.76 748.75 1000 746.79 757.37 619 747.57

Table 5: Computational time (in seconds), lower and upper bounds for Formulation P
pos

, Formulation P
ti

and the branch-and-bound algorithm on the 25 instances with at least 25% of mandatory jobs, with a
timeout at 1 000 seconds. The smallest computing time within the timeout is displayed in bold font; if
no algorithm converged, the best UB is displayed in bold font and the best LB in italic font.

In order to assess the speed with which each algorithm was able to find good quality solutions, we also
computed lower and upper bounds for each algorithm within a smaller time limit of 100 seconds. In these
tests we focused on the values of the bounds, ignoring the computing time. The results are displayed
in Tables 6 and 7. The best upper bounds are displayed in bold font, while the best lower bounds are
displayed in italic. These results confirm the superiority of the branch-and-bound algorithm, which found
the best upper bound for all 50 instances. We could also note that the lower and upper bound values for
both ILP formulations on the largest instances sometimes drift quite far away from the optimum, thus
providing unreliable estimations. On the contrary the branch-and-bound algorithm was able to provide
the best LB more frequently than Formulation P

ti

for the instances that remained unsolved after 100
seconds. Even in the worst case, the primal-dual gap provided by the branch-and-bound algorithm was
only a few units large. This suggests that, while the direct application of a state-of-the-art general-
purpose solver does not provide a viable approach to the problem, the branch-and-bound algorithm can
be used as a reliable heuristic in case of computing time shortage.
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