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1 Introduction

The term ’mean-field’ has been referred to a physics concept that attempts
to describe the effect of an infinite number of particles on the motion of a
single particle. Researchers began to apply the concept to social sciences in
the early 1960s to study how an infinite number of factors affect individual
decisions. However, the key ingredient in a game-theoretic context is the influ-
ence of the distribution of states and or control actions into the payoffs of the
decision-makers. There is no need to have large population of decision-makers.
A mean-field-type game is a game in which the payoffs and/or the state dynam-
ics coefficient functions involve not only the state and actions profiles but also
the distributions of state-action process (or its marginal distributions).

In a mean-field-type game (MFTG), the quantities-of-interest (such as in-
stantaneous payoff, cost, performance functionals, state kernel/coefficients) de-
pend not only on the type-state-actions of the decision-makers but also on the
distribution of them. This allows us to consider higher order (non-linear) depen-
dence in the distribution of state and or actions in the instantaneous quantities-
of-interest. It also allows us to capture risk-awareness in the performance metric
whenever one or more decision-makers are facing uncertainties.

1.1 Literature review

One decision-maker

Different methods have been developed to solve MFTG problems with one
decision-maker. These methods include (Pontryagin) Stochastic Maximum Prin-
ciple (SMP), (Bellman) Dynamic Programming Principle (DPP), Chaos expan-
sion approach, Direct Method, Lagrangian or Calculus of Variations approach.

Maximum Principle: In the context of one decision-maker, the au-
thors [1, 19, 59] considered the system dynamics and cost functional of mean-
field type. They established stochastic maximum principle of mean-field type
of first and second order adjoint process and possibly non-convex-valued ac-
tion set. These optimality equations differ from the ones obtained from the
classical mean-field-free control problems in which the instantaneous cost and
the coefficients of the state are independent of the probability measure of the
state-action. Therefore the problem was referred to as a non-standard control
problem or mean-field-type control problem. It can also be seen as a control
of McKean-Vlasov dynamics with a cost functional of mean-field type. The
SMP has been extended to include action mean-field type in [40], where authors
has established the second-order adjoint processes. The work in [33] studies
discrete-time mean-field-type control problems. In [49], the SMP is apply to
solve jump-diffusion mean-field problems involving mean-variance terms, i.e.,
of mean-field-type. The well-posedness of mean-field-type forward-backward
stochastic differential equations is studied in [18] motivated by the work in [20].
In [29] the SMP has been extended to the risk-sensitive mean-field-type con-
trol problem, which involve not only first and second moment terms, but also
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higher terms. In [45] a stochastic robust control of mean-field-type with state
and control input dependent noise is studied. In [46], the well-posedness and
the solvability of a indefinite linear-quadratic mean-field-type control problem
in discrete time. In [26], mean-field-type games are characterized with time-
inconsistent cost functionals and SMP is applied. Partial observation mean-
field-type control problems are investigated in [38, 58] in the risk-neutral case.
The risk-sensitive case under partial observation is analyzed in [28, 44], and
applying the backward separation method in [39] and [43].

Dynamic Programming Principle (DPP): solutions for mean-field-
type control problems have been discussed by using methods based on either
Hamilton-Jacobi-Bellman and Fokker-Planck coupled equations or stochastic
maximum principle in [17]. The works in [41, 42] proposed to solve mean-field-
type control problems by applying dynamic programming and two examples are
presented, i.e., a portfolio optimization and a systemic risk model. In [38] the
SMP is used to solve mean-field-type control problems with partial observation
and results are applied to financial engineering, and in [58] addresses a partially
observed optimal control problem, whose cost functional is of mean-field type
and the authors solve it by means of a maximum principle using Girsanov’s
theorem and convex variation. A class of mean-field-type control problems with
common noise has been considered in [37]. Randomized dynamic programming
principle is established in [15].

Chaos expansion approach: Uncertainty quantification has been studied
in [55] in the context of mean-field-type teams and using Kosambi-Karhunen-
Loeve expansion (chaos expansion approach), which allows representing the
stochastic process as a linear orthogonal functions combination.

Two or more decision-makers: Mean-Field-Type Games

DPP: The work in [54] examines risk-sensitive mean-field-type games and
sufficient optimality equations are established via infinite-dimensional dynamic
programming principle. The basic foundations of discrete time and continuous
mean-field-type games are formulated and analyzed in [27, 57]. A class of mean-
field-type games with jump and regime switching are studied by using dynamic
programming principle in [16].

Direct Method: In [53, 32, 8] the so-called direct method is used in or-
der to compute semi-explicit solutions for mean-field-type games for the linear
state and variance-aware case. The work is extended in [5, 10] to non-linear
problems and beyond Brownian motions including multi-fractional Brownian
motions, Gauss-Volterra processes and non-Gaussian features such as Rosen-
blatt processes. Moreover, other game theoretical solution concepts such as
partial cooperation, co-opetition (competitive cooperation or cooperation com-
petition), partial altruism, spite, bargaining etc, are studied by means of the
co-opetitive mean-field-type games in [6].

SMP: A zero-sum mean-field-type game has been introduced in [48] in
which sufficiency conditions for existence of saddle point is provided. The work
in [23] presents cooperative mean-field-type games. The work in [21] consid-
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ers a two-player nonzero sum mean-field-type game with backward stochastic
differential equations with jump and under partial information. An open-loop
mean-field-type Nash equilibrium is investigated under restrictive conditions on
the data. The two-player game scenario has been studied for both non-zero-sum
and zero-sum cases in [2, 25]. Notice that in the context of games with at least two
decision-makers, open-loop Nash equilibrium may differ from state (-and-mean-
field-type) feedback Nash equilibrium. Even if the open-loop solution obtained
via the stochastic maximum principle has a state-feedback representation, that
representation can be different from the one obtained from Hamilton-Jacobi-
Bellman system. The difference between the two solution concepts appears
even in simple linear-quadratic (mean-field-type) games [53, 32].

Applications of MFTG:

• Data-driven: a blockchain-based distributed power network is considered in
[30, 52]. Therein, the decision-makers are investors, producers, prosumers
(producer-consumer), consumers, and verifiers who decide to engage a val-
idation of consensus algorithms and protocols. The data of prosumers are
divided into demand, supply and storage and added to the price dynam-
ics. In addition, the insurance option is offered to the entities making the
problem of mean-field type in the dynamics of the state as well. Mean-
field type data were also collected for mobility patterns in road traffic and
a new class mean-field-type filters for big data assimilation was designed
in [35]. Deep learning and traffic video analytics are studied in [36] using
mean-field-type filtering. A network effect of several congestion areas was
shown to emerge in multi-level building evacuation [31] where a localized
congestion measure is introduced. The model is modified to reflect some
of the observed behaviors from data. The localized congestion measure is
a counting process around the position of the individual and a risk term.
Including the localized mean-field term and its evolution along the path
causes a sort of dispersion of the flow: the agents will try to avoid high
density areas in order to reduce their overall walking costs and queuing
costs at the stairs and exits. Each agent individual state is represented by
a center of a box that follows a simple dynamical system in an Euclidean
space. Each agent will move to one of the closest exits that is safer and
with less congested path. The authors in [47] examines how much does
users’ psychology matter in engineering mean-field-type games [13, 14].

• Model-driven:

Network security have been studied by means of a mean-field-type game
of public good. Each participant makes some effort in improving network
security. However, when the global network security is high enough, free-
riders can emerge. Given that different users have different investment
strategies, how do we optimally invest into security resources such that
the basic security level is provided as public good in the society ? The
work [50] provides a basic model of variance-aware mean-field-type game
for investment into network security.
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A demand-supply management in smart grid is analyzed in [56] using
constrained mean-field-type games. In [24], electricity price formation are
investigated in the smart grids. In [3, 4] a mean-field-type-based pedes-
trian crowd model is presented. In [9], a class of control input constraints
are considered and an application of water distribution system is pre-
sented. A class of variance-aware model-predictive control was developed
based on the idea of mean-field-type game theory [7] and applied to en-
ergy storage of micro-grid. A mean-field-type model predictive control
was implemented for the water distribution networks in [11].

Another example of variance-awareness is an Air Conditioning thermostat
which is a feedback system. At a given temperature, the air-conditioner
turns on cooling mode and bring the temperature a comfort zone. Once
in the comfort zone it tries to reduce the variance of the temperature with
respect to the desired comfort temperature of the user and minimizes the
error. In this context, there is only one decision-maker, the user who
acts on the controller. The control action variable belongs to {1, 0,−1}
i.e., Heating, Do Nothing, or Cooling. Clearly, the control action has
significant impact on the variance of the temperature[27].

In [51], the performance of hub-based airline networks is analyzed using
mean-field-type game theory. Three types of interactions between within
the game : interaction between passengers, passengers-airlines, and inter-
action between airlines. The key mean-field terms are the airline traffic (or
frequency of flights), number of people at the same slot per flight/airline.

In [12] , blockchain cryptographic tokens are examined by means of mean-
field-type game theory with several classes of decision-makers. The x-chain
system has the following classes of decision-makers:

– blockchain and x-chain users

– x-chain verifiers and validators

– investors and developpers

– x-chain companies and tokens

– network security suppliers and last mile integration owners

where some of them are atomic and some others are non-atomic.

The authors have introduced the variance-aware utility function per decision-
maker to capture the risk of cryptographic tokens associated with the un-
certainties of technology adoption, network security, regulatory legislation,
and market volatility. They established a relationship between the network
characteristics, token price, number of token holders, and token supply.
Both in-chain diversification and cross-chain diversification among tokens
are examined by using a mean-variance approach. The authors showed
that the number of tokens in circulation needs to be adjusted in order to
capture risk-awareness and self-regulatory behavior in blockchain token
economics.
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– Token-less Blockchain economy : we show that the optimal invest-
ment of decision-maker in the token-free blockchain shares the follow-
ing interesting features: it increases with the total number of active
participants to the token-free blockchain, increases with the produc-
tivity, and decreases with the probability of success of an attack of
the blockchain by malicious nodes.

– Token-based Blockchain economy : The optimal number of tokens of
a decision-maker has the following interesting features: It increases
with the total number of active participants in the blockchain, de-
creases with the probability of success of an attack, decreases with the
token price, increases with the productivity, increases with interest
rate of the token price.

– Token adoption: The authors also provided sufficient conditions un-
der which the token enables and improves the adoption of blockchain
technology. Token diversification within the chain: We show how
to diversity in-chain tokens under correlated prices. Token diversifi-
cation cross-chains: The methodology extends to cross-chain tokens
with different access costs.

1.2 Content of the present article

In this article we consider a distribution-dependent interaction with both atomic
and non-atomic decision-makers. Two categories of mean-field quantities: indi-
vidual mean-field and population mean-field, are introduced. There is a finite
number of atomic decision-makers who have a non-negligible effect in the pop-
ulation mean-field quantities. The atomic decision-makers can have different
characters and goals, and no symmetry assumption is made. There are several
classes of non-atomic decision-makers. The non-atomic decision-makers are dis-
tinguishable when they belong to different classes but remain indistinguishable
within each class. Each class is composed of a large (sub-)population of non-
atomic decision-makers. A nonatomic decision-maker has a negligible effect on
the population mean-field but can still have a big impact on its own individ-
ual mean-field terms. The total number of classes is assumed to be finite for
simplicity. In practice, a nonatomic decision-maker in a certain class has a neg-
ligible influence of the situation but the aggregative behavior of all non-atomic
decision-makers in that class will have an impact on the quantity-of-interest.

In Section 2 we establish Bellman systems which provide sufficiency condi-
tions for mean-field-type equilibria in state-and-mean-field-type feedback form.
We then derive a class of master adjoint systems (MASS). The measure of the
state does not need to be normalized and include birth-and-death terms (inflow
and outflow). Section 3 presents nonatomic MFTG problems. Section 4 extends
the results to atomic and a multi-class non-atomic MFTG problems. Section 5
concludes the article.
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Notations

Throughout this article, I represents an arbitrary positive integer and I =
{1, . . . , I} the set of atomic decision-makers. There are C ≥ 1 classes of non-
atomic decision-makers denoted by C := {I + 1, I + 2, . . . , I + C}. We consider
two time instants t0 < t1, and ν is a Radon measure over Θ = R+\{0}.

Two type of mean-field terms are involved in each of the two categories of
decision-makers. For atomic decision-makers, the two mean-field terms are

• µdo is the measure of the state sdo, is called individual mean-field of the
state of the atomic decision-makers.

• µ̃i is the individual mean-field of the action ai of the atomic decision-maker
i,

For nonatomic decision-makers the two mean-field terms are given by

• mc is the population mean-field of states in class c i.e., the probability
distribution of states generated by all non-atomic decision-makers of class
c,

• m̃c is the distribution of actions picked by all non-atomic decision-makers
in class c in equilibrium. This is another population mean-field of actions
of class c. The population mean-field of actions of non-atomic decision-
makers is m̃ = (m̃c)c∈C

A deviating nonatomic decision-maker has also two individual mean-field
terms given by

• µc is the probability measure of sc, is called individual mean-field of the
state of a generic deviating nonatomic decision-makers,

• µ̃c is the individual mean-field of the action ac of a deviating nonatomic
decision-maker in class c,

LetM2(Rd) be the set of Borel measures on Rd with finite second moments.
We introduce the Gâteaux (variational) derivative. Let f : M2(Rd) → R.
We say that fρ(x, ρ) := fρ[ρ](x) is a Gâteaux derivative of f with respect to a
measure ρ if

limε→0+

d
dε [f(ρ+ ερ̂)] =

∫
fρ[ρ](x)ρ̂(dx), (1)

If
∫
ρ̂(dx) = 0 then by adding a constant to fρ[ρ](x) does not change the

value of the integral in (1). For any scalar λ = λ
∫

1
κρ(dx) where κ =

∫
Rd ρ(dx).

Thus, λ is also a Gâteaux-derivative of the constant λ with respect to the
probability measure 1

κρ(dx). However in our problem, the term fxρ which is the
gradient of x 7→ fρ[ρ](x) will be used in the Hamiltonian, and fxρ does not have
the constant ambiguity.
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2 MFTG with finitely many atomic decision-
makers

Consider I ≥ 2 decision-makers with distribution-dependent quantities-of-interest
interacting over a finite time horizon (t0, t1), t0 < t1. A strategy ai of decision-
maker i ∈ I = {1, . . . , I} is an Ai-valued measurable function, where Ai is a non-
empty convex set. Let a = (ai)i∈I be the action profile of all decision-makers.
The collective state s of all decision-makers, can be a common and/or collection
of individual states, is in a finite dimensional Euclidean space S := Rd, d ≥ 1.
The running cost function of decision-maker i ∈ I is li and the terminal cost
function is hi.

li : D → R,
hi : S ×M2(S) → R. (2)

where D := (t0, t1)× S ×
∏
iAi ×M2(S)×M2(

∏
iAi). The measure µ of the

state is given by a Kolmogorov equation with coefficients

b, b̃, d̃ : D → Rd,
σ : D → Rd×k,
γ : D ×Θ→ Rd,

(3)

where b represents the drift, b̃ inflow into the state, d̃ outflow from state, σ
represents the diffusion and γ represents a jump coefficient with jump measure
ν over Θ. Let µ be a Borel measure of the state on Rd. The data of the mean-
field-type game MFTG is given by

G = {[t0, t1], I, (Ai, li, hi)i∈I , b, σ, γ, b̃, d̃, µ0}.

The game is played as follows. Given a initial state distribution µ0 at time
t0 the game G proceeds as follows. At each instant t ∈ (t0, t1), each decision-
maker observes the state (perfect monitoring, perfect state observation), chooses
a control action according to her strategy and observes/measures her cost. We
restrict ourselves to the class of admissible strategies in state-and-mean-field-
type feedback form. The risk-neutral mean-field-type Nash equilibrium problem
is given by

infai
∫
hi(s, µ(t1))µ(t1, ds) +

∫ t1
t0

∫
li(t, s, a, µ, µ̃)µ(t, ds)dt,

subject to
µt = −divs(bµ) + 1

2 trace[(σ
′σµ)ss]

+
∫

Θ
[µ(s− γ)− µ(s) + 〈µs, γ〉]ν(dθ)+(b̃− d̃)µ,

µ(t0, ds) = µ0(ds),
i ∈ I.

(4)

Definition 1. A mean-field-type Nash equilibrium is a solution (ai)i∈I to the
system (4).

In Definition 1 , A mean-field-type Nash equilibrium is a strategy profile in
which no decision-maker has incentive to change her strategy unilaterally. This
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means that no atomic decision-maker can lower her expected cost by changing
her choice alone.

We introduce the equilibrium payoff (if any) as V̂i : (t0, t1) ×M2(S) → R
given by

V̂i(t, µ) :=

infai
∫
hi(s, µ̂(t1))µ̂(t1, ds) +

∫ t1
t

∫
li(t, s, a, µ̂, µ̃)µ̂(t, ds)dt,

subject to
µ̂t = −divs(bµ̂) + 1

2 trace[(σ
′σµ̂)ss]

+
∫

Θ
[µ̂(s− γ)− µ̂(s) + 〈µ̂s, γ〉]ν(dθ)+(b̃− d̃)µ̂,

µ̂(t, ds) = µ(ds),
i ∈ I,

(5)

starting from t ∈ (t0, t1) with the measure µ.
A sufficiency condition for mean-field-type Nash equilibrium is obtained by

the HJB system given below. V̂i,t(t, µ) +Hi(t, µ, V̂µ, V̂sµ, V̂ssµ) = 0, on (t0, t1)×M2(S)

V̂i(t1, µ) =
∫
hi(s, µ)µ(ds), on {t1} ×M2(S)

i ∈ I,
(6)

where the Hamiltonian Hi is given by

Hi(t, µ, V̂µ, V̂sµ, V̂ssµ) = infai∈Ai

∫ {
li + 〈b, V̂i,sµ〉+ 1

2 trace[σ
′σV̂i,ssµ]

+
∫

Θ
[V̂i,µ(t−, s+ γ)− V̂i,µ − 〈γ, V̂i,sµ〉]ν(dθ) + V̂i,µ(t, s, µ)(b̃− d̃)

}
µ(ds).

The system (6) is a system of partial-integro differential equations (PIDEs) in
the space of measures. It provides not only a mean-field-type Nash equilib-
rium (a∗i )i solution to (4) but also the associated equilibrium cost V̂i(t0, µ0) for
decision-maker i. One of the main challenges of the Nash MFTG problem is
to understand (6). In particular, the existence of solution to the infinite di-
mensional HJB (V̂i)i∈I is an open issue in the general setting. To date, only
very special cases of (4) are known to have a solution [57, 27, 32, 5]. We pro-
vide below an example where the HJB system (6) admits a solution even with
non-convex and non-Lipschitz Hamiltonian. Another approach for finding equi-
librium strategies is to consider a master adjoint system (MASS). The MASS
associated with the equilibrium problem (4) is given by

 Ûi,t(t, s, µ) + ∂µ[Hi(t, µ, Û , Ûs, Ûss)](s) = 0, on (t0, t1)× S ×M2(S)

Ûi(t1, s, µ) = hi(s, µ) +
∫
hi,µ(s, s′, µ)µ(ds′), on {t1} × S ×M2(S),

i ∈ I,
(7)

where ∂µ[f(p, µ)](s) := δf
δµ (p, s, µ) := fµ(p, s, µ), is the Gâteaux differentiation

of f and the Hamiltonian is given by

Hi(t, µ, Û , Ûs, Ûss) = infai∈Ai

∫ {
li + 〈b, Ûi,s〉+ 1

2 trace[σ
′σÛi,ss]

+
∫

Θ
[Ûi(t−, s+ γ, µ)− Ûi − 〈γ, Ûi,s〉]ν(dθ) + Ûi(t, s, µ)(b̃− d̃)

}
µ(ds).
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Again, one of the challenges in (7) is the well-posedness of MASS Û . We provide
an example where MASS admits a solution even with non-convex and non-
Lipschitz Hamiltonian.

Example 2 (Distributed variance reduction). Consider the distributed variance
reduction problem with finitely many atomic agents over an Euclidean space
with the following data

li = 1
2ri‖ai(t, s, µ)−

∫
ai(t, y, µ)µ(t, dy)‖2 + 1

2 r̄i‖
∫
ai(t, y, µ)µ(t, dy)‖2

+ 1
2qi‖s−

∫
yµ(t, dy)‖2 + 1

2 q̄i‖
∫
yµ(t, dy)‖2,

b =
∑
j∈I aj(t, s, µ),

hi = qi
∫
‖s−

∫
yµ(t, dy)‖2µ(ds) + q̄i‖

∫
yµ(t, dy)‖2,

σ, γ constant,

b̃ = d̃,
i ∈ I,

where ‖.‖ = ‖.‖2 is the 2−norm, qi, q̄i, ri, r̄i > 0. The MFTG equilibrium strat-
egy is given by

a∗i (t, s, µ) = − 1
ri

(V̂i,sµ −
∫
V̂i,yµµ(dy))− 1

r̄i

∫
V̂i,yµµ(dy),

The MFTG equilibrium cost system is given by the following HJB system.

V̂i,t + 1
2qi
∫
‖s‖2µ(ds) + 1

2 (q̄i − qi)‖
∫
yµ(dy)‖2

− 1
2ri

∫
‖V̂i,sµ‖2µ(ds)− ( 1

2r̄i
− 1

2ri
)‖
∫
V̂i,sµµ(ds)‖2

−
∫
〈
∑
j 6=i

1
rj
V̂j,sµ, V̂i,sµ〉µ(ds)

−〈
∑
j 6=i(

1
r̄j
− 1

rj
)
∫
V̂j,sµµ(ds),

(∫
V̂i,yµµ(dy)

)
〉

+ 1
2

∫
trace[σ′σV̂i,ssµ]µ(ds)

+
∫ ∫

Θ
[V̂i,µ(t−, s+ γ)− V̂i,µ − 〈γ, V̂i,sµ〉]ν(dθ)µ(ds) = 0,

V̂i(t1, µ) = qi
∫
‖s−

∫
yµ(dy)‖2µ(ds) + q̄i‖

∫
yµ(dy)‖2.

We observe that the HJB system exhibits a non-linearity in the measure µ via

the terms ‖
∫
V̂i,sµµ(ds)‖2 and 〈

∫
V̂j,sµµ(ds),

(∫
V̂i,yµµ(dy)

)
〉. The Hamiltonian

of i non-convex in µ and non-Lipschitz in µ. The system (V̂i)i∈I is semi-explicitly
solvable and it is given by

V̂i(t, µ)
= αi(t)

∫
‖s−

∫
yµ(dy)‖2µ(ds) + ᾱi(t)‖

∫
yµ(dy)‖2 + δi(t)

∫
µ(dy),

where (αi, ᾱi, δi)i∈I solve coupled ordinary differential systems ([32]).

3 MFTG with non-atomic decision-makers

We consider a class of MFTG with infinitely many non-atomic decision-makers.
Let ai = a denotes the action of a generic non-atomic decision-maker and si = s
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denotes the state of a generic decision-maker. The best response problem of a
representative decision-maker is given by

infa
∫
h(s, µ(t1),m(t1))µ(t1, ds) +

∫ t1
t0

∫
l(t, s, a, µ, µ̃,m, m̃)µ(t, ds)dt,

subject to
µt = −divs(bµ) + 1

2 trace[(σ
′σµ)ss]

+
∫

Θ
[µ(s− γ)− µ(s) + 〈µs, γ〉]ν(dθ)+(b̃− d̃)µ,

µ(t0, ds) = m0(ds),
mt = −divs(b∗m) + 1

2 trace[(σ
′
∗σ∗m)ss]

+
∫

Θ
[m(s− γ∗)−m(s) + 〈ms, γ∗〉]ν(dθ)+(b̃∗ − d̃∗)m,

m(t0, ds) = m0(ds),

(8)

where µ is a measure of the individual state, referred to as a individual mean-
field term. A single decision-maker has a big influence on its own-state measure
µ. The term m is a measure of other decision-makers’ states referred to as a
population mean-field term. A generic decision-maker has a negligible influence
on m. The terms b̃∗ (resp. d̃∗) denote b̃ (resp. d̃) evaluated at the equilibrium
strategy a∗,m. φ∗ = φ|a∗ , φ ∈ {b, σ, γ}. The consistency condition is µ∗ =

µa
∗,m0 = m.
The unnormalized global HJB system associated with (8) with infinite num-

ber of agents yields{
V̂t +H(t, µ,m, V̂µ, V̂sµ, V̂ssµ, V̂m) = 0,

V̂ (t1, µ,m) =
∫
h(s, µ,m)µ(ds),

(9)



H = infa
∫ {

l + 〈b, V̂sµ〉+ 1
2 trace[(σ

′σ)V̂ssµ]

+
∫

Θ
[V̂µ(t, s+ γ, µ,m)− V̂µ(t, s, µ,m)− 〈V̂sµ, γ〉]ν(dθ)+(b̃− d̃).V̂µ

}
µ(ds)

+
∫
〈b∗, V̂ym〉m(dy) +

∫
1
2 trace[(σ

′
∗σ∗)V̂yym]m(dy)

+
∫ ∫

Θ
[V̂m(t, y + γ∗, µ,m)− V̂m(t, y, µ,m)− 〈V̂ym, γ∗〉]ν(dθ)m(dy)

+
∫

(b̃∗ − d̃∗)(y).V̂m(t1, y, µ,m)m(dy)
(10)

If there exists a classical smooth solution to (9) then (V̂ (t0,m0,m0), a∗)
provides a mean-field-type Nash equilibrium cost and strategy where a∗ ∈
arg min Ĥ with Ĥ being the integrand Hamiltonian given by

Ĥ = l + 〈b, V̂sµ〉+ 1
2 trace[(σ

′σ)V̂ssµ]

+
∫

Θ
[V̂µ(t, s+ γ, µ,m)− V̂µ(t, s, µ,m)− 〈V̂sµ, γ〉]ν(dθ)+(b̃− d̃).V̂µ.

(11)

By consistency the Hamiltonian above is reduced to the diagonal case with
(µ,m) replaced by (µ, µ). The system of Ŵ (t1,m) = V̂ (t1,m,m) becomes{

Ŵt +H(t,m,m, V̂µ, V̂sµ, V̂ssµ, V̂m) = 0,

Ŵ (t1,m) =
∫
h(s,m,m)µ(ds),

(12)

Next, we describe a class of MFTG with infinite number of agents with
separable Hamiltonians.
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Example 3 (Separable Hamiltonians). The best-response problem of a rep-
resentative agent is the following: Given Borel probability measures m(t, .) ∈
P(Rd), for t ∈ [t0, t1] find a, µ such that

infa
∫
h̃(s−

∫
yµ(t1, dy),m(t1))µ(t1, ds) + h̄(

∫
yµ(t1, dy),m(t1))

+
∫ t1
t0
{
∫

1
2a

2µ(t, ds) + q̄‖
∫
a(t, y)µ(t, dy)‖2}dt,

+
∫ t1
t0

∫
{f̃(s−

∫
yµ(t, dy),m)µ(t, ds) + f̄(

∫
yµ(t, dy),m)}dt,

subject to
µt = −divs(aµ) + 1

2 trace[(σ
′σµ)ss],

µ(t0, ds) = m0(ds),

(13)

where the initial Borel probability measure µ(t0, ds) = µ0(ds) = m0(ds) over
Rd is assumed to have a finite second moment, i.e., m0 ∈ P2(Rd). The functions
h̃, h̄, f̃ , f̄ are real-valued functions. The coefficient q̄ is chosen such that q̄ >
− 1

2 and σ is a constant matrix of appropriate dimension such that σ′σ � εI.
Problem (13) contains important classes of variance-aware MFTG problems
such as distributed variance-reduction problems.

Proposition 4. If there exists V̂ (t, µ,m) satisfying

V̂t(t, µ,m)− 1
2

∫
‖V̂sµ‖2µ(ds) + 1

2 [1− 1
(2q̄+1) ]‖

∫
V̂yµµ(dy)‖2

+
∫
f̃(s−

∫
yµ(dy),m)µ(ds) + f̄(

∫
yµ(dy),m)

+
∫

1
2 trace[(σ

′σ)V̂ssµ]µ(ds)

−
∫
‖V̂yµ‖2m(dy) + [1− 1

(2q̄+1) ]〈
∫
V̂sµµ(ds),

∫
V̂ymm(dy)〉

+
∫

1
2 trace[(σ

′σ)V̂yym]m(dy),

V̂ (t1, µ,m) =
∫
h̃(s−

∫
yµ(dy),m)µ(ds) + h̄(

∫
yµ(dy),m),

(14)

then V̂ (t0, µ0,m0) the best-response cost associated with Problem (13) and the
best-response strategy is given by

a∗(t, s, µ) = −V̂sµ(t, s, µ,m) + (1− 1

2q̄ + 1
)

∫
V̂yµ(t, y, µ,m)µ(dy).

Proof. We use (12) with the augmented state (µ,m) to solve Problem (13). The
HJB system of the problem is given by the following system:


V̂t(t, µ,m) + infa

∫ {
l + 〈b, V̂sµ〉

}
µ(ds)

+
∫

1
2 trace[(σ

′σ)V̂ssµ]µ(ds)

+
∫
〈a∗, V̂ym〉m(dy) +

∫
1
2 trace[(σ

′σ)V̂yym]m(dy),

V̂ (t1, µ,m) =
∫
h̃(s−

∫
yµ(dy),m)µ(ds) + h̄(

∫
yµ(dy),m).

(15)
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The Hamiltonian term is

infa
∫ {

l + 〈b, V̂sµ〉
}
µ(ds)

= infa
{∫

1
2‖a(t, s)−

∫
a(t, y)µ(dy)‖2µ(ds)

+
∫
〈a(t, s)−

∫
a(t, z)µ(dz), V̂sµ −

∫
V̂yµµ(dy)〉µ(ds)

+(q̄ + 1
2 )‖
∫
a(t, y)µ(dy)‖2 + 〈

∫
a(t, s)µ(ds),

∫
V̂yµµ(dy)〉 }

+
∫
f̃(s−

∫
yµ(dy),m)µ(ds) + f̄(

∫
yµ(dy),m)

(16)

By Legendre-Fenchel duality, one has

infa
∫ {

l + 〈b, V̂sµ〉
}
µ(ds)

= − 1
2

∫
‖V̂sµ)‖2µ(ds)− 1

2 [ 1
(2q̄+1) − 1]‖

∫
V̂yµµ(dy)‖2

+
∫
f̃(s−

∫
yµ(dy),m)µ(ds) + f̄(

∫
yµ(dy),m)

(17)

which is non-convex in µ and the best-response strategy is given by

a∗(t, s, µ) = −V̂sµ(t, s, µ,m) + (1− 1

2q̄ + 1
)

∫
V̂yµ(t, y, µ,m)µ(dy).

Hence, the Bellman system becomes



V̂t(t, µ,m)− 1
2

∫
‖V̂sµ‖2µ(ds)− 1

2 [ 1
(2q̄+1) − 1]‖

∫
V̂yµµ(dy)‖2

+
∫
f̃(s−

∫
yµ(dy),m)µ(ds) + f̄(

∫
yµ(dy),m)

+
∫

1
2 trace[(σ

′σ)V̂ssµ]µ(ds)

+
∫
〈a∗, V̂ym〉m(dy) +

∫
1
2 trace[(σ

′σ)V̂yym]m(dy),

V̂ (t1, µ,m) =
∫
h̃(s−

∫
yµ(dy),m)µ(ds) + h̄(

∫
yµ(dy),m).

(18)

This completes the proof.

Proposition 4 provides the global HJB system to be solved. Note that the
Hamiltonian in Proposition 4 is non-convex and non-Lipschitz. We study the
well-posedness of (14). The next result provides a complexity reduction for
MFTG Problem (13).

Proposition 5. If there exist two functions Ṽ (t, µ̃,m), ū(t1, s̄,m) classical so-
lutions to the following system

Ṽt −
∫

1
2‖Ṽs̃µ̃‖

2µ̃(ds̃)

+
∫
f̃(s̃,m)µ̃(ds̃) +

∫
1
2 trace[(σ

′σ)Ṽs̃s̃µ̃]µ̃(ds̃)

−
∫
〈Ṽyµ̃, Ṽym〉m(dy) +

∫
1
2 trace[(σ

′σ)Ṽyym]m(dy) = 0,

Ṽ (t1, µ̃,m) =
∫
h̃(s̃,m)µ̃(ds̃),

ūt − 1
2(1+2q̄)‖ūs̄‖

2 + f̄(s̄,m)

− 1
(1+2q̄)

∫
〈ūs̄, ūymm(dy)〉+

∫
1
2 trace[(σ

′σ)ūyym]m(dy) = 0,

ū(t1, s̄,m) = h̄(s̄,m),

(19)

then Ṽ (t0, µ̃0, µ0) + ū(t0,
∫
yµ0(dy), µ0) is an equilibrium cost and a = [−Ṽs̃µ̃ +∫

Ṽs̃µ̃µ̃(ds̃)]− ūs̄

1+2q̄ is an equilibrium strategy for the MFTG problem (13).
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Proof. We propose a guess functional in the following form: Ṽ (t, µ̃,m)+ū(t,
∫
yµ(dy),m).

Given the structure of the separated functions (f̃ , f̄) and (h̃, h̄) in terms of the
control action of the generic decision-maker (ã, ā), we transform Problem (13)
into a combination of two simpler sub-problems.

Given a population mean-field m over the time horizon [t0, t1] we would like
to find ã, µ̃, ā such that

∫
ã(t, y)µ̃(dy) = 0, a = ã + ā, with ã(t, s) = a(t, s) −∫

a(t, y)µ(t, dy), and ā(t) =
∫
a(t, s)µ(t, ds) is an orthogonal decomposition. Let

us consider the following two sub-problems:


inf ã

∫
h̃(s̃,m(t1))µ̃(t1, ds̃)) +

∫ t1
t0

∫
[ 1
2‖ã‖

2 + f̃(s̃,m)]µ̃(t, ds̃)}dt,
subject to
µ̃t = −divs̃(ãµ̃) + 1

2 trace[(σ
′σµ̃)s̃s̃]

µ̃(t0, s̃) = µ0(s̃+
∫
yµ0(dy)),∫

ã(t, y)µ̃(t, dy) = 0,

(20)

 inf ā h̄(s̄(t1),m(t1)) +
∫ t1
t0
{ 1+2q̄

2 ā2 + f̄(s̄,m)}dt,
subject to
d
dt s̄ = ā, s̄(t0) =

∫
yµ0(dy).

(21)

Let µ̃(t, z) = µ(t, z +
∫
yµ(t, dy)). Then,∫
zµ̃(t, dz) =

∫
zµ(t, dz +

∫
yµ(t, dy))

=
∫
wµ(t, dw)− [

∫
yµ(t, dy)] = 0

(22)

The two sub-problems (20) and (21) are coupled via m. The reduced systems
of the sub-problems (20) and (21) are given by

ṽt(t, s̃)− 1
2‖ṽs̃‖

2 + f̃(s̃, m̃) + 1
2 trace[(σ

′σ)ṽs̃s̃] = 0,

ṽ(t1, s̃) = h̃(s̃, m̃(t1))
m̃t = divs̃((ṽs̃ −

∫
ṽs̃µ̃(ds̃))m̃) + 1

2 trace[(σ
′σm̃)s̃s̃]

m̃(t0, s̃) = m0(s̃+
∫
ym0(dy)),

ã = −ṽs̃ +
∫
ṽs̃µ̃(ds̃),∫

ṽs̃(t, y)µ̃(dy) = 0,

v̄t(t, s̄)− 1
2(1+2q̄) .‖v̄s̄‖

2 + f̄(s̄,m) = 0,

v̂(t1, s̄) = h̄(s̄,m),
ā = − v̄s̄

1+2q̄ ,

(23)

We observe that V̂ (t, µ,m) =
∫
ṽ(t, s −

∫
yµ(dy),m)µ(ds) + v̄(t,

∫
yµ(dy),m)

and a = [−ṽs̃ +
∫
ṽs̃µ̃(ds̃)]− v̄s̄

1+2q̄ .
The mean-field m solves{

mt = divs((ṽs̃ −
∫
ṽs̃µ̃(ds̃) + v̄s̄

1+2q̄ )m) + 1
2 trace[(σ

′σm)ss]

m(t0, ds) = m0(ds),
(24)

We then use the reduced system solution to the two coupled sub-problems
to construct a solution to the following system of two HJB equations on the
space of measures.
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Ṽt −
∫

1
2‖Ṽs̃µ̃ −

∫
Ṽỹµ̃µ̃(dỹ)‖2µ̃(ds̃)

+
∫
f̃(s̃,m)µ̃(ds̃) +

∫
1
2 trace[(σ

′σ)Ṽs̃s̃µ̃]µ̃(ds̃)

−
∫
〈Ṽyµ̃ −

∫
Ṽs̃µ̃µ̃(ds̃), Ṽym〉m(dy) +

∫
1
2 trace[(σ

′σ)Ṽyym]m(dy) = 0,

Ṽ (t1, µ̃,m) =
∫
h̃(s̃,m)µ̃(ds̃),

ūt − 1
2(1+2q̄)‖ūs̄‖

2 + f̄(s̄,m)

− 1
(1+2q̄)

∫
〈ūs̄, ūymm(dy)〉+

∫
1
2 trace[(σ

′σ)ūyym]m(dy) = 0,

ū(t1, s̄,m) = h̄(s̄,m)

(25)

where V̂ (t, µ,m) = Ṽ (t, µ̃,m)+ū(t,
∫
yµ(dy),m), and a = [−Ṽs̃µ̃+

∫
Ṽs̃µ̃µ̃(ds̃)]−

ūs̄

1+2q̄
This completes the proof.

It can also be solved using a system of two MASS given by

Ũt − 1
2‖Ũs̃‖

2 + f̃(s̃, m̃) + 1
2 trace[(σ

′σ)Ũs̃s̃]

−
∫
〈Ũs̃, Ũm̃〉m̃(dy) +

∫
1
2 trace[(σ

′σ)Ũyym̃]m̃(dy) = 0,

Ũ(t1, s̃, m̃) = h̃(s̃, m̃),

Ūt − 1
2(1+2q̄)‖Ūs̄‖

2 + f̄(s̄,m)

− 1
(1+2q̄)

∫
〈Ūs̄, Ūymm(dy)〉+

∫
1
2 trace[(σ

′σ)Ūyym]m(dy) = 0,

Ū(t1, s̄,m) = h̄(s̄,m)

(26)

It follows that the best-response cost is given by V̂ (t, µ,m) =
∫
Ũ(t, s −∫

yµ(dy),m)µ(ds)+Ū(t,
∫
yµ(dy),m), and the equilibrium cost is V̂ (t0,m0,m0).

The mean-field-type Nash equilibrium strategy is given by a = [−Ũs̃+
∫
Ũỹµ̃(dỹ)]−

Ūs̄

1+2q̄ .

Existence of solution

Proposition 6. Let
Ũt − 1

2‖Ũs̃‖
2 + f̃(s̃, m̃) + 1

2 trace[(σ
′σ)Ũs̃s̃]

−
∫
〈Ũs̃, Ũm̃〉m̃(dy) +

∫
1
2 trace[(σ

′σ)Ũyym̃]m̃(dy) = 0,

Ũ(t1, s̃, m̃) = h̃(s̃, m̃),

(27)

Assume that q̄ > − 1
2 , σ = I, the initial distribution µ0 has a finite second

moment, and m̃ 7→ H̃(m̃)
and m̃ 7→ F̃ (m̃) are strictly convex in the space of measure and F̃m̃(m̃) =

f̃(s̃, m̃), H̃m̃(m̃) = h̃(s̃, m̃) then there is a solution to (27).

The proof follows from the representation formula of the original problem as
a variational problem. A detailed proof can be found in [34]. It can be shown
that the convexity assumption can be relaxed to a class of semi-convexity under
suitable conditions [22].
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4 MFTG with atomic and a multi-class non-
atomic decision-makers

We now consider I ≥ 2 number many atomic decision-makers and several classes
of nonatomic decision-makers interacting within the time horizon [t0, t1], t0 <
t1. The set of atomic decision-makers is denoted by I = {1, 2, . . . , I}. Decision-
maker i ∈ I has a control action ai ∈ Ai = Rd, d ≥ 1. There are C ≥ 1 classes
of non-atomic decision-makers denoted by C := {I + 1, I + 2, . . . , I + C}. A
representative decision-maker in class c ∈ C has a control action ac ∈ Ac = Rdc .

State and cost functionals of atomic decision-makers

The data of the state and cost functionals of atomic decision-makers are given
by

Ddo

:= [t0, t1]× Sdo ×
∏
i∈I Ai × P(Sdo)×

∏
i∈I P(Ai)×

∏
c∈C [P(Sc)× P(Ac)],

Drift coefficient: bdo : Ddo → Sdo,
Diffusion coefficient: matrix σdo : Ddo → Rd×d,
Jump rate coefficient: γdo : Ddo ×Θ→ Rd,

Birth rate: b̃do : Ddo → Sdo,
Death rate: d̃do : Ddo → Sdo,

where P(Sdo) denotes the set of Borel measures on Sdo. Let

li : Ddo → R,
hi : Sdo × P(Sdo)×

∏
c∈C P(Sc)→ R.

where li is the running cost and hi is the terminal cost at time t1. The perfor-
mance functional of the atomic decision-maker i is given by

L̂i((aj)j∈I)
=
∫
hi(sdo, µdo(t1, .),m(t1)).µdo(t1, dsdo)

+
∫ t1
t0

∫
li(t, sdo, (aj)j∈I , µdo, (µ̃j)j∈I ,m, m̃)µdo(t, dsdo)dt

The performance functional L̂i of i is completely determined by the conditional
measure µdo ⊗m.
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State and cost functionals of non-atomic decision-makers

The data of the state and cost functionals of non-atomic decision-makers are
given by

Dc := [t0, t1]× Sdo × Sc ×
∏
i∈I Ai ×Ac × P(Sdo)× P(Sc)

×
∏
i∈I P(Ai)× P(Ac)×

∏
c′∈C [P(Sc′)× P(Ac′)],

bc : Dc → Sc,
σc : Dc → Rdc×kc ,
γc : Dc ×Θ→ Rdc ,
νc is a Radon measure over Θ,

Birth rate: b̃c : Dc → Sc,
Death rate: d̃c : Dc → Sc,

The performance functional L̂c is given by

L̂c((ai)i∈I , ac,m, m̃) :=
∫
hc(sdo, xc, µdo,c(t1, .),m(t1)) µdo,c(t1, dsdodxc)

+
∫ t1
t0

∫
lc(t, sdo, xc, (ai)i∈I , ac, µdo,c, (µ̃i)i∈I , µ̃c,m, m̃)µdo,c(t, dsdodxc)dt

(28)
The expected performance functional L̂c of c is completely determined by the
measure µdo,c ⊗m.

Let

Hi = infai
∫
V̂i,µdo

(b̃do − d̃do)µdo(dsdo)
+
∑
c

∫
V̂i,mcµdo

(b̃∗,c − d̃∗,c)µdo,c(dscdsdo)
+
∫
µdo(dsdo)

{
li + V̂i,sdoµdo

bdo + 1
2 〈σdo, σdoV̂i,sdosdoµdo

〉

+
∫

Θ

{
V̂i,µdo

(t, sdo + γdo(t−, ., θ),m)

−V̂i,µdo
(t, sdo,m)− 〈V̂i,sdoµdo

, γdo(t, ., θ)〉
}
νdo(dθ)

+
∫

[
∑
c〈b̄c, V̂i,ycmµdo

〉+ 1
2

∑
c〈σ̄c, σ̄cV̂i,ycycmµdo

〉]m(dy)

+
∫ ∫

Θ

{
V̂i,mµdo

(t, sdo, µdo, y + γ̄(t−, ., θ),m)

−V̂i,mµdo
(t, sdo, µdo, y,m)

−
∑
c∈C〈V̂i,ycmµdo

, γ̄c(t, ., θ)〉
}
νC(dθ)m(dy) }

(29)
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Hc = infac∫
µdoc(dsdodsc)

{
lc + V̂c,sdoµdo,c

bdo + 1
2 〈σdo, σdoV̂c,sdosdoµdo,c

〉
+V̂c,scµdo,c

bc + 1
2 〈σc, σcV̂c,scscµdo,c

〉
+
∫

Θ

{
V̂c,µdo,c

(t, sdo(t−) + γdo(t−, θdo), sc(t−) + γc(t−, ., θc), .)

−V̂c,µdo,c
(t, sdo(t−), sc(t−), .)

−〈V̂c,sdoµdo,c
, γdo(t, ., θdo)〉

−〈V̂c,scµdo,c
, γc(t, ., θc) } νdo(dθdo)νc(dθc)

}
+
∫

[
∑
c′〈b̄c′ , V̂c,yc′mµdo,c

〉+ 1
2

∑
c′〈σ̄c′ , σ̄c′ V̂c,yc′yc′mµdo,c

〉]m(dy)

+
∫ ∫

Θ

{
V̂c,mµdo,c

(t, sdo, sc, µdo,c, y(t−) + γ̄(t−, ., θ),m)

−V̂c,mµdo,c
(t, sdo, sc, µdo,c, y(t−),m)

−
∑
c∈C〈V̂c,yc′mµdo,c

, γ̄c′(t, ., θ)〉}νC(dθ)
}
m(dy)

+
∫
V̂c,µdo

(b̃do − d̃do)µ(dsdo)+
∫
V̂c,µdoc

(b̃c − d̃c)µdoc(dsdodsc)
+
∑
c′

∫
V̂i,mc′µdoc

(b̃∗,c′ − d̃∗,c′)m(dy)µdo(dsdo),

(30)

The next Proposition provides a sufficiency condition for mean-field-type
Nash equilibria.

Proposition 7. If there exists a classical smooth solution V̂i : [t0, t1]×P(Sdo)×∏
c P(Sc)→ and V̂c : [t0, t1]× P(Sdo)× P(Sc)×

∏
c′ P(Sc′)→ such that

V̂i,t(t, µdo ⊗m) +Hi = 0, on (t0, t1)× P(Sdo)×
∏
c P(Sc)

V̂i(t1, µdo ⊗m) =
∫
hi(sdo, µdo ⊗m)µdo(dsdo),

V̂c,t(t, µdo,c ⊗m) +Hc = 0, on (t0, t1)× P(Sdo × Sc)×
∏
c′ P(Sc′),

V̂c(t1, µdo,c ⊗m) =
∫
hc(sdo, xc, µdo,c,m)µdo,c(dsdodxc),

µc(t, .) = mc(t, .),
µ̃∗c = m̃c,
i ∈ I, c ∈ C

(31)

then

• V̂c(t0, µdo,c(t0, .)⊗m(t0, .)) is an equilibrium cost of a generic nonatomic
decision-maker in class c,

• V̂i(t0, µdo,c(t0, .) ⊗m(t0, .)) is an equilibrium cost of the atomic decision-
maker i ∈ I and

• the strategy a∗c minimizing the expression in Hc is an optimal strategy.

• The optimal strategy a∗i minimizes in Hi.

Generically, a∗c is a function of (t, sdo, xc,m, µdo,c) which is in a state-and-
mean-field feedback form, and a∗i is a function of (t, sdo,m, µdo) which is in a
state-and-mean-field-type feedback form.
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Proof. Let φ̂i be a test function. We use the integration formula to obtain the
following equality:

φ̂i(t1, µdo ⊗m(t1))− φ̂i(t0, µdo ⊗m(t0, .))

=
∫ t1
t0

[φ̂i,t +
∫
Odo,m[φ̂i,µdo

]µdo(t, dsdo)]dt,
(32)

where Odo,m is the infinitesimal generator associated with µdo ⊗m. We aim to
establish a verification method. In order to do so we compute the difference
between the expected cost functional L̂i and the candidate guess functional
V̂i(t0, µdo ⊗ (t0, .))

L̂i − V̂i(t0, µdo ⊗m(t0, .))

=
∫
hiµdo(t1, dsdo)− V̂i(t1, µdo ⊗m(t1, .))

+
∫ t1
t0
V̂i,t +

∫
{li +Odo,m[V̂i,µdo

]}µdo(t, dsdo),
(33)

We do a similar computation with V̂c. Then, the announced result follows by
taking the minimization in ai (respectively in ac) and by matching the func-
tionals with V̂ . This completes the proof.

A solution (if any) to the infinite dimensional PIDE (31) provides the equi-
librium values and the equilibrium strategies of all the decision-makers.

5 Conclusion

In this article we have presented a class of mean-field-type games with both
atomic and multi-class non-atomic decision-makers. We proposed a Hamilton-
Jacobi- Bellman PIDE approach and provided sufficiency conditions for mean-
field-type Nash equilibria in state-and-mean-field feedback strategies. As a
corollary a class of master adjoint system is derived. We have provided an
example which the resulting PIDE system has a non-convex and non-Lipschitz
Hamiltonian but is nevertheless semi-explicitly solvable.

Number of questions remain unanswered and we leave them for future works.
The first concern is about the existence of solutions to the Bellman system in the
general case. The second concern is the solvability of the system of the PIDEs
in the general case. The third plan is the solvability of hierarchical designs such
as

• All the atomic decision-makers move first. Then follows the mass of non-
atomic decision-makers

• All the non-atomic decision-makers move first. Then, the atomic decision-
makers respond

• Finding the best design by means of any permutation of cluster sequential
ordering of decision-makers
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